We present a scheme for on-chip optical transduction of strain and displacement of Graphene-based Nano-Electro-Mechanical Systems (NEMS). A detailed numerical study on the feasibility of three silicon-photonic integrated circuit configurations is presented: Mach-Zehnder Interferometer (MZI), micro-ring resonator and ring-loaded MZI. An index-sensing based technique using an MZI loaded with a ring resonator with a moderate Q-factor of 2400 can yield a sensitivity of 28f m/ √ Hz, and 6.5 × 10 −6 %/ √ Hz for displacement and strain respectively. Though any phase-sensitive integrated-photonic device could be used for optical transduction, here we show that optimal sensitivity is achievable by combining resonance with phase-sensitivity.
allow for transduction by index-based sensing, which is a well-established field in silicon photonics [20] [21] [22] [23] . Complex refractive index-based sensing allows us to capture both dispersive and dissipative effects of graphene at Near-IR wavelengths [17, 19] . Hence, we choose it over purely reflection-based, refraction-based, or absorption-based sensing. Besides displacement, another important property to be measured in these NEMS devices is the static strain, which sets the linear dynamic range of operation of these devices [24] [25] [26] [27] . We show that index-based sensing in graphene offers a direct method for transduction of strain. We propose a transduction scheme with integration of the graphene NEMS device on a Silicon-photonic platform, operating around a wavelength of 1550nm, with high sensitivity to strain and displacement. We have carried out extensive simulations using a finite element model (FEM). We use the results for calculations of response to strain and displacement using MZI, ring resonator, and ring-loaded MZI. We find that the response of the ring-loaded MZI is the best of the three. We then compute sensitivity of the transduction scheme using ring-loaded MZI to strain and displacement. The in-plane refractive index of graphene and the geometry of the NEMS device over a waveguide-section determine the effective refractive index, which governs the optical response of the device. The refractive index of graphene is given by n g (ω) = ǫ g (ω), where ǫ g is the dielectric constant of graphene. For a monolayer graphene flake of thickness ∆ and an optical conductivity σ as given in [28] , ǫ g is given as [29] 
where ω is the optical frequency and ǫ 0 is the permittivity of free space. Both conductivity and refractive index are dependent on the chemical potential µ c . We use it to set the operating point for measuring strain and displacement. Since the refractive index of graphene is anisotropic, we consider the out-of-plane index to be 1 [30] . Uniaxial strain ǫ in graphene leads to a change in the conductivity in the direction of strain as [31] σ
where σ 0 is the optical conductivity at the operating point. We neglect the anisotropic variation of conductivity with strain in the transverse direction, since we use a cross-sectional model in our analysis. The variation of n g and σ with µ c in this range for 1550nm wavelength is shown in Fig. 1 . We observe that at µ c =hω/2, which is 0.4eV in Fig. 1 , there is sharp change in both n g and σ. This is due to the onset of Pauli-blocking of inter-band transition in graphene. The value of δn g /δσ ≈ 10 4 at this 2/11 point promises good sensitivity. In addition, the real part of n g is maximum and hence the index contrast of graphene with the core and cladding of the waveguide would be maximum at this point. Thus, the change in the effective refractive index would be dominated by the change in n g . We, therefore, choose this as our operating point. We expect the sensitivity to strain and displacement to be maximum at this operating point. The influence of strain on the conductivity and thus the refractive index of graphene can be utilized to ascertain the applied static strain in the graphene-based NEMS devices. For calculating the response to strain, we use a flat graphene sheet over a waveguide section to compute the effective indices for different values of strain. During vibration, the dynamic strain due to change in length of graphene will produce a proportional modulation in the index of graphene. As graphene approaches and recedes from the waveguide during vibration, there will be a modulation in the effective refractive index. Thus the vibration response for the fundamental mechanical mode with resonant frequency Ω is expected to consist of a displacement component at frequency Ω and a strain component at frequency 2Ω. However, we find that this 2Ω component is not discernible in our vibration response for the dimensions of graphene considered. To calculate the displacement response, we use the mode shape of the fundamental mode for a fixed-fixed beam, which is given as [32] Φ
where We obtain the effective indices by using this mode-shape of graphene, instead of a flat graphene sheet at different phases of vibration. This is because the interaction between graphene and the optical mode in the waveguide varies as a function of x and using a flat graphene sheet would overestimate the interaction. We present the results for a moderate vibration amplitude of 100pm [1] . The cross-section of the wire waveguide with suspended graphene, used for computing effective indices is shown in Fig. 2a . We use a waveguide cross-section of 500nm × 220nm with oxide side-clad, supporting the quasi-TM mode. We have chosen the quasi-TM mode over the quasi-TE mode because the former has greater modal overlap with the suspended graphene. This is because it has large components of electric field both perpendicular to graphene and along the direction of propagation, due to the high index-contrast of the Si core with the cladding, and thus shows a larger change in effective index. We use both the real (n ef f g ) and imaginary (k ef f g ) parts of the effective index in our calculations to capture both electro-refractive and electro-absorptive effects in graphene. Typical values obtained from our simulations are n ef f g = 1.61 and k ef f g = 0.89 × 10 −3 . Our bandwidth of operation is from 1550nm to 1570nm. Since we use a single wavelength in our calculations, we ignore waveguide-dispersion in this band. For the length-scales we have considered, the loss in the waveguide-section with graphene and the loss along the ring dominate over the propagation loss along Si waveguides, and hence it is neglected [33] . The TM-waveguide cross-section with suspended graphene of length w = 2µm forms a small part of an MZI, a micro-ring resonator, and a ring-loaded MZI. The MZI has a phase-sensitive intensity response. The micro-ring resonator is a resonant device and hence has a sharp phase transition at resonance. The MZI loaded with a ring leverages upon the phase response of the ring and the intensity response of the MZI. A schematic of the unbalanced MZI, with suspended graphene on the longer arm, is shown in Fig. 2b . For MZI without graphene, destructive interference is observed at 3/11 
4/11
wavelength λ int0 = δl/(m − 1/2), where δl is the optical path difference between the two arms without graphene and m is an integer corresponding to the number of the dark fringe. The wavelength of destructive interference for an identical MZI with graphene λ int = [δl + (n ef f g − n ef f 0 )w]/(m − 1/2), where n ef f 0 is the effective index in the absence of graphene. We have chosen δl such that there is a dark fringe at 1550nm in the absence of graphene. The transmitted intensity with graphene, assuming an amplitude splitting of 50% in both arms for an input intensity of I 0 , is given as,
where ∆φ = (2π/λ)[δl + (n ef f g − n ef f 0 )w], n ef f 0 the effective index of the waveguide section without graphene, I 1 = I 0 /4.exp(−4πk ef f g w/λ), and I 2 = I 0 /4. The normalized intensity response for w = 2µm is shown in the inset of Fig. 2b . In a micro-ring resonator, the resonant electric field gets enhanced and hence, graphene interacts with a stronger electric field [34] . The ring resonator with graphene is shown in Fig. 2c . The resonant wavelength of the ring resonator without graphene λ res0 = n ef f 0 (2πR)/n, where R is the radius of the ring and n is the number of the resonant mode. For a ring with self-coupling coefficient r and amplitude coefficient a, the field-enhancement factor is given by F E = √ ra/(1 − ra), as defined in [34, 35] . The electric field, enhanced by a factor F E, induces a surface current J = σF E in graphene. We account for this surface current by replacing σ with σF E in Eq. 1 and re-computing the corresponding values of n g and n ef f g for the quasi-TM mode. The ring we have used has R = 29.47µm and λ res0 = 1550nm. The attenuation along the ring is ≈ 10.6dB/cm, quality factor is ≈ 2400, and F E = 1.9. For suspended graphene covering a length w along the ring, the modified resonant wavelength λ res = [n ef f 0 (2πR − w) + n ef f g (w)]/m. The transmission response with graphene at the through-port, for an input intensity I 0 , is given by
where φ is the phase detuning from resonance and the effective amplitude coefficient with graphene is given by a g = a (1−w/(2πR)) .exp(−2πk ef f g w/λ). The normalized transmission response for w = 2µm is shown in the inset of Fig. 2c . The ring-loaded MZI with graphene is shown in Fig. 2d . The overall phase delay introduced by the ring resonator with graphene is [35] φ ring = π + θ + arctan r sin θ a g − r cos θ + arctan ra g sin θ 1 − ra g cos θ ,
where θ = 2πλ res /F SR(λ/λ res − 1) is the phase detuning from the resonance and
) is the free-spectral range of the ring. The phase difference between the two arms of the modified MZI is given as ∆φ 2 (λ) = 2π/λ[δl + φ ring (λ)]. In the absence of graphene, a bright fringe occurs at 1550nm. With suspended graphene over the ring, we obtain the normalized intensity response for w = 2µm using I 1 = I 2 = I 0 /4 and ∆φ 2 instead of ∆φ in Eq. 4. The intensity profile is shown in the inset of Fig. 2d . We choose the optimal probe wavelength that corresponds to the maximum gradient (0.4nm −1 , 1.7nm −1 , and 8.8nm −1 ) of the intensity response of the MZI, ring resonator, and ring-loaded MZI respectively. We get the response to applied static strain, shown in Fig. 3a . ǫ applied = 0% corresponds to the intrinsic strain. The ring-loaded MZI shows the best overall change of 1.8 × 10 −4 for 0.1% applied static strain. The changes in ∆P/P 0 are of the order 10 −4 . Optical probe powers can range from a few nW to a few µW [15] [16] [17] . For a probe power of 10nW , the above-stated changes are detectable 5/11 by commercially available InGaAs photo-detectors with noise-equivalent power (NEP) of the order f W/ √ Hz with less than 1M Hz measurement bandwidth. The power response to a vibration amplitude of 100pm is shown in Fig. 3b . The data-points correspond to five phases during vibration. The ring-loaded MZI shows the best overall change with vibration (0.8 × 10 −4 ). The responses show a linear fit to cos(Ωt). With a probing set-up identical to that considered for static strain, changes of this order are also detectable with less than 1M Hz measurement bandwidth. The noise in the responses depends on the input noise in the probe, quantified by the relative intensity noise (RIN), and the NEP of the photo-detector. We consider RIN of the probe to be limited only by the photon shot noise. The RIN is lower for higher output powers and the absolute output power in response to static strain and displacement depends on the input probe power. Thus, for measuring extremely small changes in static strain and displacement with the ring-loaded MZI configuration, we use a relatively higher input probe power of 10µW . The noise spectral density at this power and wavelength is N s = 1.6 × 10 −12 W/ √ Hz, which is greater than the NEP (= 10 −15 W/ √ Hz) we have considered. So, the sensitivities are limited by the source. We extract displacement and strain sensitivities of 398.3f m/ √ Hz and 9.1 × 10 −5 %/ √ Hz respectively for w = 2µm. As we increase w, the interaction length of graphene with the ring-loaded MZI increases leading to an improvement in the sensitivities, as observed in Fig. 4 . For a gap of 80nm under graphene and L = 380nm, it is possible to fabricate suspended devices with w of 10µm, beyond which there is a risk of collapse of graphene. For w = 10µm, we compute sensitivities of 28f m/ √ Hz and 6.5 × 10 −6 %/ √ Hz for displacement and strain respectively. These notable sensitivities offer the ability to detect thermomechanical noise. The probe power of 10µW is at the input of the ring-loaded MZI. In our configuration, the power in the waveguide section under graphene would be ≈ 2.5µW . For our quasi-TM mode, the power at the surface of graphene would be lower by a factor of 100. At these power levels, photothermal and optomechanical effects due to the probe laser can be ignored [17, 36, 37] . Hence this detection scheme has negligible back-action. We have shown that the ring-loaded MZI is the best of the three silicon-photonic devices considered for measuring displacement and strain in graphene NEMS. It offers sensitivities of 28f m/ √ Hz and 6.5 × 10 −6 %/ √ Hz respectively. The individual displacement and strain responses are linear. Even with a ring of moderate quality factor of 2400, such high sensitivities can be achieved. A moderate quality factor also allows for a large dynamic range of vibration amplitudes. Since this is a completely integrated index-sensing based technique, there are no challenges of precise alignments and isolation of stray reflections, as in other optical transduction schemes, while high displacement sensitivity is retained [14, 17] . Further improvement in sensitivity can be achieved by reducing the gap between graphene and the Si waveguide or by using transduction schemes with steeper intensity response [38] . The analysis here is general to any method of actuation, though each actuation scheme would have its independent effect on the output and would have to be addressed separately. This technique can be used to study thermomechanical noise and vibration-dynamics in graphene NEMS, with applications in mass-sensing, force-sensing, and charge-sensing. Thus a ring-loaded MZI holds considerable potential for a highly sensitive, completely integrated silicon-photonic platform for optical transduction in graphene NEMS.
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